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BIFURCATION OF SOLUTIONS OF STATICS PROBLEMS
OF THE NON-LINEAR THEORY OF ELASTICITY”

A.A. ZELENIN and L.M. ZUBOV

The problem of the bifurcation of the equilibrium mode of an elastic body
is considered on the basis of the three-dimensional equations of the non-
linear theory of elasticity. Necessary and sufficient conditions for the
solvability of an inhomogeneous linearized boundary value problem are
derived for conservative external forces and are utilized to formulate
the bifurcation equation. 1In application to three-dimensional problems
of the non-linear theory of elasticity, a procedure is constructed for
the Lyapunov-Schmidt method in operator form which enables a number of
solutions to be determined that branch off at the bifurcation point and
enable asymptotic representations to be obtained for solutions under the
almost critical loads. The general theory is illustrated by investigation
of the post-critical behaviour of a thick-walled cylinder loaded on the
side surface.

1. The equilibrium of an elastic body is described by the equations /1/
V-D4+k=0, D(r, C(r))=dW/dC {1.1)
C=VR, r=uxiy, V=1ix8/0zy

Here D is the Piola stress tensor, W is the specific strain potential energy, € is the
spatial gradient, V is the nabla operator in the reference (undeformed) configuration, xj
are Cartesian coordinates of the undeformed body, i are the Cartesian coordinate directions,
R is the position vector of the position of a point of the deformed body, and k is the
volume force intensity per unit volume  of the reference configuration. The explicit dependence
of the Piola tensor on r, i.e., on the Lagrange coordinates in (1.1), holds for an inhomo-
geneous body. For a homogeneous body D = D (C (r)).

We will assume that the body surface ¢ with unit external normal m in the reference
configuration consists of three parts. The external load n-D =1f is given on o0;, therotation
vector R = R* on Oyr and particles of the surface 03 in the deformed state made frictionless
centact with the smooth solid surface II.

The external force intensities k and f are not necessarily given functions of the Lagrange
coordinates. They can depend in a given manner on the vector R and the spatial gradient C.
This dependence is later assumed such that the load is conservative. This means that the
elementary work of the external load is a variation of a certain functional @

(kie, R(r), C())-0Rdv + §1[r, R(r), C(r)]-BRdo == 8D 1.2)

v Oy

where V 1is the volume occupied by the elastic body in the reference configuration.

Let R =p(r) be a certain known solution of the equilibrium problem that governs the
subcritical state of the elastic body. We set R =p + W to study the solutions close to
@. Using (1.1), we write the non-linear boundary value problem in the vector w as follows

V-D' +kX =—Kinv (1.3)
n-D'—f=F ono;, w=0 ono, (1.4)
u-D'.G+SB.w=v, N.w=¢ onos (1.5)

«©N=0, D :%—D(r, Vo + VW) =

r 2%"‘ f(r,p+nw, Vp + VW) fh=o
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k' =— —;n—k(r, 0 -+ nw, Vp -+ VW) ln—p
G=E—NN, B= — G.(Vp)'-VN
§=N.T-Ndet(Vp)(n-A™*.n)'2, A= Vp-(Vp)*

Here N is the normal to the body surface in the deformed state that corresponds to the
fundamental solution ¢, B is the second fundamental tensor /2/ of the surface II, E is the
unit tensor, and T is the Cauchy stress tensor in the fundamental (subcritical) state. The
difference expressions D', k', f in (1.3)~(1.5) are linear in w. The expressions K, F, 1, ¢
dc not contain linear terms in w. This means that 1f we set w == gw,, the expansion of these
expressions in powers of the parameter ¢ will start with terms of not less than the second
order.

The linearized boundary conditions obtained in /3/ on the contact surface of a pre-
stressed elastic body with an absolutely rigid body are utilized in (1.5).

The fundamental solution p depends on the loading parameter p. Therefore, the parameter
p takes part in the formulation of the boundary value problem (1.3)=-(1.5).

Discarding non~linear terms in (1.3)=-(1.5), we obtain a homogeneous linear boundary
value problem

V.D+k'=0inv (1.6)
nD—{ =0o0ono, w =0 on 6, 1.7
n-D-G +- SB.w=0, N.-w=0 ono; (18}

For certain values of the parameter p called the critical loads, problem (1.6)-(1.8) for
the vector w can have non-trivial solutions. Let p, be one of the eigenvalues of the boundary
value problem (l1.6)~(1.8). 1In the general case several eigenfunctions (buckling modes), which
we denote by P, (m = 1,2 ... N), can correspond to the eigenvalue ps.

For p =p, the boundary value problem (1.3)-(1.5) is solvable not for any right sides
F, —K, 7, ¢. To derive the solvability conditions, we multiply the equilibrium Eg. (1.3) by
the eigenvector-function ¥m and integrate over the domain v. Applying the divergence theorem,
taking account of the indentity /4/

D’ (V) (V) == D (Vo) - (V)7 (1.9)
and the boundary conditions (1.4), (1.5), (1.7), we obtain
(& (w, Yw)odo + (1 (W, V%) pdo — (1.19)
v Gy

§ S9n-B-wdo — (D" (Vap,)- -(VW)T dv +

[

SK-lbmdU-’r SF.\pmdg + Sf.\pmdg:—;o

v o LA

On the basis of (1L.4)-(1.7) we have
D" (V) (VW) 40 o= | K (s, Vi) Wl + (1.11)
v v
S F (s Vi) wdo — SSW-B-xpmda + SH-D'(VW,n)-thdU
Oy L G
Relationship (1.2), expressing the existence of the external force potential, implies

the equality /5/

(k' (w, VW) v + (1 (w, V) pdo ~ (1.12)

° oy
Sk' (Pms V) wdv -+ Sf’ (Y V) - wdo
v [
We obtain from (1.10)-{1.12)and the symmetry property of the tensor B

$K-pndv + § Fopdo + $1-9,do— Son. D' (V) -Ndo =0 (1.13)
v o, oy Oy

Relationships (1.13), derived as necessary conditions for solvability, are, under certain
assumptions formulated below, also the sufficient conditions for solvability of the problem
(1.3)-(1.5) for p = p,.
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2. We assume that the elastic material satisfies the strict Hadamard inequality /6/

211
e G >0, Cn=ip-C-iy
2 mn
where @ms bn are components of two arbitrary non-zero vectors a, b. It follows from this
inequality that the system of equations obtained from (1.6) by projections on the coordinate
axes iy will be strongly elliptic, and homogeneous with an order of homogeneity of two.
We also assume that o= 0y |J 03, while the boundary conditions (1.7) are supplementary

/7/. Since it is difficult to establish supplementarity of the boundary conditicns for an
elastic material of general form and for an arbitrary fundamental solution, this requirement
should be confirmed in each specific problem. We note that the kinematic boundary condition
w = {, which is a Dirichlet type condition, satisfies the supplementarity requirement for
any strongly elliptic systems /8/.

Under the requirements stated, the boundary value problem (1.6), (1.7) is elliptic /7/
and corresponding to it is the operator A acting from the Banach space Ei, the vector-functions
w whose components belong to the Sobolev space W, (v} and satisfy the boundary conditions

on O, into the Banach space E, consisting of the set of functions 2 ={(—K, F), in which the
components of the vector-functions K belong to the Lebesgue space L, () while the components
of the vector-functions F belong to the Slobodetskii space W,'/:{0;). Morcever, by virtue of
{1.2), (1.12), the following Green's formula is valid for any vector-functions w; & E,, wo&
£,

S [V-D'(Vwy)] -wydo — S [n-D"(Vwy)-wy — " (wy, Vwy)» Wa] do == {2.1)
§19.0 (vwo)l-wido — (0D (Vwo)-wi— I (wa, V) W] do

» o,

It follows from (2.1) that problem (1.6), (1.7) is formally selfadjoint. Then according
to /7/, relationships (1.13) in the case ¢ = 0, |J 0, are not only necessary but sufficient
for problem (1.3), (1.4) to be solvable under the condition that the right side k = (—K, F)
belong to the space £,.

We write the boundary value problem (1.3), (1.4) in the operator form

Aw =h (w) (2.2)

Here A is a linear operator, and % {w} is a non-linear operator acting from E,; into E,.

We let E;V¥ denote the subspace of zeros of the operator A of dimensionality N with the

basis vector-functions w,, ..., wy, 5" is the supplement of the subspace Ei¥ to E, ILet
A* pe the contraction of the operator 4 in E; ™.  Unlike the operator 2 it will have a
bounded inverse operator.

To investigate the equilibrium modes of an elastic body under almost critical loads, we
Set

N
P=P0+7\v w=v - u, Vf—'-EEﬂPh uEETHN
1==1

where A is a small parameter. The operator Egq. (2.2} takes the form
A¥u=h(v 4w, }) (2.3)

By virtue of the theorem on implicit operators /9/, in a sufficiently small neighbourhood
of the point u=0,v =0,A =0 there exists a unigue solution fo (2.3) u = u(v,A) = u(i,
..., Ev. A), that is continuous and such that u (0,0) =0. Substituting this solution into
the solvability conditions (1.13), we obtain the bifurcation equations fromwhich the values
of the parameters &, ..., Ev are determined. A detailed examination of the bifurcation
equations is contained in /9/.

3. To illustrate the approach elucidated above for studying the bifurcation of solutions
of the static problem we will consider the buckling of a thick hollow cylinder clamped between
two rigid fixed plates subjected to an external hydrostatic pressure of intensity gq.

When there are no mass forces the equilibrium Egs.{1.1) have the.form

a [ s @
V-DzQ, Vme?—a;_———}‘ég—;ég-*{-lx? (3.'1)
Here r, 0,2 are cylindrical coordinates in the undeformed state of the body, and e, €g,

i; are their corresponding basis vectors. The boundary conditions of the problem formulated
are

e.-D |r=r, =0, er'D |r=r. = - qJer'(CT)ﬂ; J=detC '(32)
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where 7Ty, 1  are the outer and inner radii of the cylinder.
As the governing relationship we take the model of a semilinear material /1/ (U is
the deformation tensor, and M, v are constants)

V& — o
D—2u (1% ——1)U 1L.C + 2uC (3.3)

U= (C-CT)¥s, s;=trU—3

The boundary value problem (3.1)-(3.3) has the following axisymmetric solution /1/:
E—1—pk

p={Qm +QNe + i A=y Sr—mTh 3.4
We shall seek the plane equilibrium modes close to the solution (3.4), i.e. we set
R=p+um 8)e, -+ v(n, 6 e (3.5)
Taking account of (3.5), we write the boundary value problem (1.3), (1.4) in the form
l(z, D)w (z) = —K (w, z) (3.6)
bz, Dyw(@)=F(w, 2} for n=14,nmv=1h (3.7)

Here z=(n,8),w = (u,v),K = (K, k), F = (Fy, Fy)

ko =rag™, L, Dyw(n)e={l;{z, Dyulz) + Ly (x, D)v(z)
In(z, D) u{z) + Ly (z, D) v (2)]
b (z, D)w (z) = by (z, D) uz) 4 by, (z, D) v{z),
by (2, D) u (z) + by (x, D) v (2)]
Ly (2, D) = 0:* + 0710y + B9, — 2
lig (x, D) = (1 — B) n710,8, ~ (1 + B) 1%,
Iy, D)= —B)n™9,8, + (1 + Byn 23,
lps (2, DY = w7 23,2 + B + Bn™9, — By?
bule, Dy=v (0 + 7))~y
bip {2, D) = vin10, — n7'pid,
by {x, D) = —viBy 18, + v ipid,
by (z, D) = wiB (8 + 071 — q7';
Ky = —(1 — 9" (M) — 0720,N, + Q7' 10,V)
K, = —(1 — v)"1 (8, Ny + v 8, M, — Q3 10:N)
Fo={1 =201 (M —1), Fy=(1 =27 (N, — Qy7'N)
Qy =20, vi =(1 —v) (1 — 2v)7}
= (1 — v} It — v) Qg — 1]

4 = ’%, 9y = (%v N = dw+nlv — 1 0u
M= Qg+ 6w + ntu + 1o
Ny = NQ, My = M@, Q@ = (M? + N*%

1—p, n=1
=1 =
The differential expressions ! and b on the left-hand sides of (3.6), (3.7) are linear.
The differential expressions K and F do not contain linear components. It can be shown
that for v # 0.5 system (3.6) is reqularly elliptic /7/ while the boundary conditions (3.7)
are supplementary. Let us set the linear operator Aw = (lw, bw), which we define in the
Banach space E,, corresponding to the left-~hand sides of (3.6) and (3.7}).
We assume that the desired functions u, ¥ belong to the space Wy (v), where v:(k; <<

n<<1, 08 2n). Then it can be shown that the right-hand sides of (3.6} and (3.7) belong
tc FE,. This enables us to write the boundary value problem (3.6), (3.7) in the operator
form
Aw =1, 1= (—K, F) {3.8)
The necessary and sufficient conditions for the solvability of (3.8) will, in conformity
with (1.13), have the form
127 an
—§ §nK-pndnd0 — i { qF.p,d0 1= =0, m=1,2,... (3.9)

Ky 0 0
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Here Y, = (b,', ¥m®) are eigenvectors of the operator A that form the basis of the sub-
space of zeros of this operator.

To find the critical values of the parameter p for which bifurcation of the cylinder
equilibrium occurs, we consider the linearized problem

Aw =0 (3.10)

Following /1/, we seek the eigenfunctions of problem (3.10) in the form
U, = a, (n)cos nB, v, = b, () sin no {3.11)
bo(M)=0,n=0,1,2,...

We substitute (3.11) into the left-hand side of (3.6) and we solve them for as, b, for
K = 0. we consequently obtain

1
20 =~ Aon + CT"O , bo=0 (3.12)
3B —1 1+ B
= ——a— A"+ t Bilnn +Ci + ;),l )
8—B B—1 14+ B D
b= =5 Am? +—5—Bi1——5 Bllnl]—Cl+n—;
2B — Dn n 2B 4 Dn 1 e 1
an:mAnn “—mBn—n_r'*‘Cnn ’+Dnn—n;{,
B4 D(n+2 D(n—2)—2B 1
R L 1 e =
C"n"‘1+Dn+ﬂ, n=23,4,...
n
Here D =1 — B, A,, Cy, 4;, B;, C;, D; (i =1,2,...) are constants of integration.

Substituting (3.11) into the boundary conditions (3.7) with the zero right-hand sides,
we take account of (3.12) to obtain a system of equations to determine the constants of in-
tegration. For each n =2,3,... we find the eigenvalues of the operator A by equating its
determinant to zero

(t—ks E—y

P=P =30y a—Rs "' ST Jrris/a—mis
L (el S
—kn—i—k-"——z, it B IR

Solving the system obtained for the case n=1 we have 4, =B, =D, =0, and C, is an
arbitrary constant that corresponds to the motion of a cylinder as an absolutely rigid body.
Consequently, this case is eliminated from consideration. For n =0 we have Ao = By=0.

The critical pressure p, is the minimum eigenvalue from the set of eigennumbers po (7, k),
where n takes integer values 2,3, ..., successively, for fixed k. It can be shown that the
eigenvalues p, are always simple and take on the least value for n = 2.

Let A be a small additional loading parameter. Then setting p = p, + A the Egs. (3.8)
can be written in the form (44 is the operator A in which the quantity p is replaced by the
eigenvalue py)

Aw=1— AW + Aeow=h (W), h(w)=(—t,T) (3.13)
t = (K%, K?), T = (F', F?¥ (3.14)
K'= K, —N'9,N (A — Ay), K2 =K, + (4 — 4,) N
Ft=F, — p™t (u+ 9y0), F*=F, — v N (4 — A,) —

Lot (v — Ou)

{A, ’Y]:1
p2= 0, S

We shall seek small solutions of (3.13) in the form of the series

i=o0

Wﬁ%+%m£+§$imw (3.15)
= j=1
wij = (5 (m, 6), v;; (0, 8))

Here & is a formal parameter, ¥, = (¥n, ¥») is an eigenfunction of the operator 4. Ex-
panding terms containing u and v in power series in u,v on the right side of (3.13) and
the terms containing p in power series in A, by taking account of (3.15) we obtain

h(w)== D) hiEM, hy=(—t;Ty) (3.18)
itjz1

ti; = (Kiit, Ki%), Ty = (Fity Fi?)
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where K;;', K;% F;;', F;# are expansion coefficients of the functions K!, K2, F!, F* Qefined

by

(3.14).
Substituting (3.15) into (3.13) and equating coefficients of identical powers of EAJ

and taking account of (3.16), we obtain a recurrent system to find Wi

Ao*wi;==hy; (3.47)

from which we find all the w;; Here A,* is the contraction of the operator 4, on Ep

To obtain the bifurcation equation we substitute (3.15) into the solvability condition

(3.9) for (3.13). We consequently obtain
2 Liogi + 2 §i 2 Li]‘}\-j:O (3.18)
1=2 1=0 =1
1 2n By
Ly=—§ § ity dndo — 7" § Ty;p, a0 [
Iy 0 0

The first coefficients of (3.18) will have the form

Loy =0, Loy =0, Lyp = 0

12m 20
Ln=28) S NN,.2dnd0 + vt S (Un? + unBay, + 0,2 — 0,051,) AOlgey.
B, 0 0

1
Loo=07 { § n(W.2Me0 — QRN,2M,2 4 2N, M, Vo + QN ) do
ky

k-1
8= m , Op= 40102 (1 — V) Qu== & IP=Po

«
Sty

Ny = 0wy + N7l — 0700, My = Sy + m7 e, + N0y,
Niyo = 01030 -+ N"1Wa0 — N 0alig0, Myg = 01hso + N gg + N 10,059

The bifurcation Eq. (3.18) approximately takes the form Lyo& + L8V =0, from which it

follows that & =-(LiiLgo"'A)Y:+ 0 (A"2), and the solution (3.15) of (3.13) is written in the form

W ==+ (— LuLioh)" b — (LuLz) hwao A (— LuLzoh)’s wuh + o0 (1)

Depending on the sign of (—L11Lz™Y) two new solutions occur in one of the semicircles

(po — &, po) or (po, Po + &), while new solutions will not occur in the other.

A numerical investigation of the coefficients Lu, Lgo for the case of the minimum eigen-

value p, showed that always Ly <CO0; Ly >0 for & > 0.5098; Ly, << 0 for 4 << 0.5097 for all
allowable values of wv.

Therefore, for cylinders whose geometrical parameter is characterised by the inequality

ky > 0.5098 (thin-walled cylinders are also included here), equilibrium modes different from
the axisymmetric state (3.4) exist for loads greater than the critical p,. For thick-walled
cylinders (k; << 0.5097), equilibrium modes close to axisymmetric exist only for pressures less
than the critical value.
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